THE (¢,5) REGULAR SUBSETS OF n-SPACEC(")

BY
JOHN M. MARSTRAND

1. Notation and definitions. Except for a special notation introduced in §5,
the following is a complete summary. Some of the notation coincides with that
used in Federer [2].

1.1. Points. Euclidean n-space, denoted by E,, is the set of points
x=(xM,...,x™), The origin is 0. Further notationis x - y = x Wy 4 ... 4 xM ™
Ax = (AxD, e, Ax™), x — yp = (xM) — yM o x® — yyh(x y) = |x - y| is the
distance from x to y, A(x,,---,X,)is the determinant of

MO

U

x{m

A direction is a point 0 such that 6> =1.

1.2. Matrices. The group of orthogonal n x n matrices is %,. The unit
n X n matrix is I,.

If

and xis the point (x*), ---,x™), then Rx s the point ( X} a,x, -+, X7_,a,x").
That is, when points are regarded as matrices, they are regarded as columns
instead of rows.

1.3. Sets are denoted by capital Roman letters, but such letters sometime
have other applications.

The class of Borel sets in E, is 4%,.

Leta€eE,, Re%,, let k be an integer with 0 < k < n, and let A > 0. Then by

Li(a,R,%)

we denote the set containing all points x such that if R(x —a)=y, then
|y?| s Afori=k+1,-,n.

Received by the editors June 5, 1963.
(1) This work was supported in part by a grant from the National Science Foundation.

369



370 J. M. MARSTRAND [December

Also, M¥a,R,A) =E, — LX(a,R,}).
"Let r>0. Then K,(a,r) is the open sphere containing all points x with
pla,x) <r, and C,(a,r) is the closed sphere given by p(a,x) < r.
Further,

L(a,R,A,r) = LX(a,R,1) N C,(a,r)
and
MXa,R,A,r) = M¥a,R,A) NC,(a,r).

When k = n—1, the sets depend only on the last row of R, say (62, ---,0) =0
whichis a direction. Then we will sometimes use an alternative notation given by

L %(a,R,}) = Ly(a,0,%),

and similarly we modify the other notation by replacing R by 6 and omitting k.
When 0 is a direction we denote by

Hn(as 091)
" the set of points x such that
(x—a)-0> 2.

Thus H,(a,0,2) U H,(a, —-0,4) = M,(a,0,4).
~Again, H,(a,0,A,r) = H,(a,0,4) NC,(a,r).

Given a set Ac E,, we denote by PX(E) the (projected) set of all (x,,-+-,%,) € E,
such that (xq,---,x,) € 4.

We denote by p(a,A) the distance of x to A, that is, the lower bound of
p(a,x) for x e A.

Given A > 0, 14 denotes the set of points Aa such that a € A.

By Cl(A4) and Int(4) we denote respectively the closure and interior of A,
and 4 x B and a x B denote Cartesian product sets.

1.4. Measures. We denote by U, the class of all measures over E,. That
is, ¢ € U, means that

(i) 0= ¢(A4) < o whenever A < E,,

(ii) the ¢-measure of the empty set is zero,

(iii) ¢(A) = ¢(B) whenever Ac B E,,

>iv) ¢(U}’°=1A,-)§ EJ‘-";IQS(AJ-) whenever 4;c E,, j=1,2,---.

As usual, a set A is ¢-measurable when ¢(X) = ¢(X N A) + ¢(X — A) when-
ever XcE,.

We denote by U, the class of all measures ¢ over E, such that all closed
subsets of E, are ¢-measurable. By U, we denote the class of all elements ¢ € U,
with the additional property ¢E, < co.

For any set AcE,, and s =0, #; A denotes the Hausdorff s-dimensional
measure of A, and this measure is defined in the usual way. Also, ;4
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denotes the Hausdorff spherical s-dimensional measure, where the covering sets
are restricted to be open spheres. These measures are defined in Federer [2]
for integers s, but this restriction is irrevelant in the definitions.
L.5. Densities. Given s 20, e U,,A < E,,xe E,; we have the (¢,s) upper
and lower spherical densities of A at x defined by
6:(¢,A,X) = limsupr-s(ﬁ(A ncn(x9r)),

r-+0

Ou(¢, 4,x) = liminfr * ¢(4 NC,(x,r)).

r=0
When these are equal,

O, 4,x) = lim r*¢(4 NC,(x,r)).
r-0

These densities differ from those defined by Federer by a factor dependent
only upon n and s.

We say that xis a (¢,s) regular point with respect to Awhen 0 < ®3(¢, 4, x) < c0.
In the special case A = E, we simply call x a (¢,s) regular point. The set B is
(¢,s) regular if:

(i) B is ¢-measurable,

(ii) ¢B < o,

(iii) ¢-almost all points of B are regular.

Given also aninteger k such that 0 < k < n, we say that x is a weakly (¢, s, k)
tangential point with respect to A when itis a (¢, s) regular point with respect
to A, and, in addition, for some Re %,,

liminfr=°¢(4 N M¥(x, R,nr,r)) = 0 whenever y > 0.
r—=0

Again, when A= E,, xis a weakly (@, s, k) tangential point. The set B is weakly
(¢,s,k) tangential if it is (¢,s) regular and ¢-almost all its points are weakly
(¢,s,k) tangential.

1.6. The expression y =O(x) means that |y| <K, ,x, where K, , depends
only on n and s.

2. The purpose of this paper is to prove the following:

THEOREM 1. Let ¢ U,,s =20, and let every point of B be (¢,s) regular
with respect to A, where Bc A < E, and ¢B > 0. Then

(i) s is an integer, and

(ii) ¢-almost all points of B are weakly (¢,s,s) tangential with respect to A.

In [3] I have proved (i) of this theorem in the case n =2,¢ = #’3. The
same method would yield a proof for arbitrary ¢, but would not generalise to
n dimensions, nor would it prove (ii). Nevertheless, some of the techniques used
in that paper are generalised in the present paper.
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- We could call a point strongly (¢, s,k) tangential if we were able to replace
.’the “lim inf”’ in the definition by “‘lim’’. Then we would have, in the case s = k,
a definition equivalent ¢-almost everywhere to Federer’s (¢,k) restrictedness.
‘The problem of proving (ii) of Theorem 1 with ‘‘weakly”’ replaced by ‘‘strongly”’
still remains open. In [4] I have proved thisin the case n=3,s=2, ¢ = #2,
but even then only with a stronger definition of regularity, for I assume that
the density actually equals one almost everywhere. Besicovitch [1], Morse and
Randolph [7], and Moore [5] have solved the problem completely in the case
s=1.

3. THEOREM 2. Let ¢peU,, s=0, and let Be#B, be a ($,s) regular set
with ¢B > 0. Then

(i) s is an integer, and
~ (ii) B is weakly (@,s,s) tangential.

LEMMA A. The Theorems 1 and 2 are equivalent.

Proof. We must prove thatin Theorem 1 we may assume without loss of
generality that

(1) ¢pA< 0, A=E,and Be%,.

Accordingly, let us suppose the hypotheses of Theorem 1 are satisfied. Then
for every point a € B we can find r such that

¢[ANCya,n)] <,
and hence we may cover B by a countable set of such spheres
C'('j), j= 1,2,“'.

Assume Theorem 1 is true in the case ¢4 < co. Then even if $A4 = oo, (i) and (ii)
are true with A and B replaced by

ANncY and BNnCY
respectively, provided
#[BNCY']>0.

Summing over j gives us (i) and (ii) as stated, and so we may assume without
loss of generality that ¢A < co.

~ Again; assume the hypotheses of Theorem 1 are satisfied. Let u be the measure
such that for any set ECE,,

LE = ¢(E N A).
Let B’ be the set of all (u,s) regular points of E,. Then B < B’ € &,. (This is
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easily proved by standard methods.) The hypotheses of Theorem 1 are now
also satisfied with ¢, 4, B replaced by u,E,,B’.

Consequently, all of (1) may be assumed without loss of generality, and our
lemma is proved.

4. Elementary lemmas.

LEMMA 1. Let €Ul s =0, and let every point of Be %, be a (¢,s) regular
point of E,. Then for any set A = E, we have

at ¢-almost all points x € B.

Proof. From Federer [2, §3.2], we have (1) holding at &#;-almost all x in B.
Let the exceptional set be X < B. Then

;X =0 and hence #,X =0.

It remains to prove ¢X =0.
Let X; denote the points x € X such that

O, E,,x) < 1/j.
Then

x=U x;.
ji=1
Further, using Federer [2, §3.6],
¢X; <2757 X, = 0.
We deduce ¢X =0 by summing over j.

LEMMA 2. Let ¢eU, and Be PR, Then given ¢ >0 we can find a closed
set F < B such that ¢F = (1 — ¢)¢B.

For a proof, see [6].

5. Special notation. Given integers k <n and a real number s =0 then
P(n,s,k) denotes the following proposition:

For every measure ¢ € U, all (¢,s) regular Borel subsets of E, are weakly
(@,s,k) tangential.

6. We devote this section to proving
LemMA B. If0<s<n, then P(n,s,n—1) is true.

LeMMA 3. Let ¢€U,, acE,, r>0, and let f(p) be a #,-measurable func-
tion of peE,. Then
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M [rostcaman = [ s,
Proof. Let
f(p) when |x—a|<p,
8pox) = {0 when |x —a|> p.

Then the left-hand side of (1) may be written

[ [ somagnan.
0 Cp(a,r)
By Fubini’s theorem (see Saks [8]), this is equal to

f j o(p, %) dpdpx,
Cn(a,r) JO

which is seen to equal the right-hand side of (1) as required.

LemMA 4. Let ¢€U,,5s20,1>0,r>0,¢>0, and let ay=0 and a, be
points in E, such that |a,| <r and

(1 -9)lp°* < ¢[C\a;,p)] <( + ¢)lp* whenever p<r, j=0,1.
Then

f x - aydpx = O(|a,|2Ir +elr**?).
Cn(ao,r)

Proof. We have for j=0,1,

f (" —|x = a;|)déx = 2 f j pdpdox
Cn(ay,r) Cn(ay,r) |x=a;|

= 2[ po[C.(a;,p)]dp, by Lemma 3,
0

= 2 f (1 + 0(8))lps+1dp = _21_rs+2 + 0(81}‘”’2),
0 s+2

Thus

(1) f (r* = | x|>d¢x — f (r? —|x — ay|Ddpx= 0lr**?).
Cu(ao,r) Cn(ay,r)

Now for all x € C,(ao,r + | a,|) — C,(ag,r — | a,|) we have
|r*—|x—a,|?| = |(r+|x—a,)(r—|x—a;])| £ @r+2|a,)(2]a,|) <8r|a,].

Consequently,
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f (r2—|x—a1|2)d¢x—f (r2—|x—a1|2)d¢x|
Cn(ao,r) Cn

(a1.r)

IA

8)'[ a I ¢[Cn(a03r + Ial l) - Cn(aO’r - Ial I)]
8Ir|ay|[(r +|a:])* = (r — | as )* + O(er?)]
0(|a, |1 + elr*?).

@

We also have

f (r? =|x - a,|)ddx — f (r* — | x|®dex
Cn(ao,r) Cn(ao,r)

]

J (|x|2—|x—a1|2)d¢x = j (2x°a1—|a1|2)d¢x
Cn(ao,r) Cn(ao,r)

—|a.|*9[4 N C\(ao,1)] +2 J. x-addx

Cn(ao,r)

—|ay|2Ir* + O(elr**?) + 2 f x-adox.

Cu(ao,r)

We can now deduce the lemma by applying (1) and (2).

LEMMA 5. Let ¢eU,, s20, >0, r>0, ¢>0 and let a,=0,a,,--,a,
be points in E, such that

« = max |a;<r,
J=1,..,n

A= A(ala "'aan) # 0’
(1 = 9)lp* < ¢[C\(a;,p)] < (1 + &)lp*° whenever p<r,j=0,1,---,n.
Then for any direction 0,
f x-0d¢x = 0" | A| Urt + e A TP
Cn(ao,r)

Proof. As usual, we let x = (x'V, .., x™) and a; = (a‘V, ---,a'™). Then
J J J

xz ag-” f xPdopx = f x x(‘)a?)dd)x = r x-a;dpx
c Cn

'n(ao0,r) (ao,r) 2=1 Cn(ao,r)
= 0@ + elr**?) for j=1,---,n,

by Lemma 4.

To prove this lemma for any given direction § we may assume without loss
of generality that axes have been set up so that 8 = (1,0,---,0). Then regarding
a$M as coefficients of linear equations, we have
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J x:0dpx = f xVdpx
Cn(ao,r) C.(ao,r)
= O[(@®Ir + elr* )" Y| A 711,

as required.
In the following lemma we modify slightly the definition given in 1.5 of weakly

tangential points, and show that the new definition is equivalent.

LEMMA 6. Let ¢eU,,xe€E,, s = 0and let k be an integer such that 0<k=n.
Then x is a weakly (,s, k) tangential point if and only if

(i) x is (¢,s) regular, and

(ii) for some function R’ =R'(n,r)e 9,

6)) liminf r °¢[M}(x,R’,nr,r)] = O whenever n > 0.
r-0
The only difference is that in the original definition R was independent of
n and r.

Proof. Suppose that our new definition is satisfied.

Let R;=R'(1/j, 1/j) for j=1,2,---, and let R be any limit point in &, of
this sequence. Then it is easily seen that (1) holds with R’ replaced by R, and so
our original definition in 1.5 is satisfied.

The implication in the other direction is trivial.

LEMMA 7. Let ay=0€E,, H<E,, A> 0 be such that for all directions 0,
H N M, (a,,0,A) is not empty.
Then we can find points a,,---,a,€ H such that
|Aay, ,a,)| > A"
Proof. Let 0, be an arbitrary direction. Then we can find a point
a,e HNM,(ay,0,,7),

which implies |a,-0,| > 4.
Let 6, be any direction such that
a;+6,=0.
Then we can find a point
a,eHNM,(ay,0,,4)
which implies

|az'02| > A.
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In general, having found a;,0; for j=1,---,p <n such that |aj-0j| > A for
j=1,--,pand a;-0;=0fori<j=1,---,p, we let 0,,, be any direction such
that a;0,,, =0for i=1,---,p. Then we can find a point

a,.1€HNM,(ap,0,,4,4),
which implies
|@ps10pe1]| > 4.
In this way we find a; e H and 6;, for j=1,-.-,n, such that
|aj-0;| >4 for j=1,-,n

and a;°0;=0 for i <j=1,---,n. That is,

g | I a1 1
ai ) ... a(ln) 9(1) g'g ) Uyq e Ay,
: : : : = : )
ad e a® o - 0 Tot " O

where | a;;| > A and a;; = 0 whenever i < j.
Taking determinants,

IA(ah'"aan)A(ola""on)l = Iall "'“rml > A"

On the other hand, by a well-known theorem on determinants,

|A@y,-++,0)> = TT X (69)* =1,
Jji=1 i=1

since the 0; are directions.
Our lemma now follows.

LemMMA 8. Let ¢peU,,s=0, and let A be the set of those points in E, which
are (¢,s) regular but nonweakly ($,s,n—1) tangential. Then at ¢-almost
every point a€ A we have

lim r'(””J‘ (x — a) - 0dgx = O for all directions .
r-0 Cn(a,r)

Proof. Suppose the lemma is false. Then we can find a set A*< A, A*e %,,
A >0, u> 0such that $4* > 0, and at every point a € A* we have

¢)) O3(¢,E,,a) < A

and

¢)) limsup r~ ¢+ f (x—a)- 0dox > p
r—-0 Cnla,r)

for some 6.
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By Lemmas 2 and 6 we find a closed set B < A*, and 7, where 0 <7y <1,
such that
¢B>0

and

3) liminfr™* ¢[M,(a,0,np, p)] > Ofor any 6 and whenever a € B.
r—=0
Now let ¢ be arbitrary subject to 0 <& < 1. Since (1) holds at every point
a € B we can find a closed set D = B, § > 0, and [ such that

O<li<i,
4)
¢D >0,
and
() (1 —e)lp*< ¢C.(a,p) <(1 + ¢)lp® whenever ae D and p < 4.

Let a, be any point of D at which (use Lemma 1)
©u(@,E,— D,ag) =0.
Since (3) holds at a, we now have

liminf r~*¢[D N M,(a,0,np,p)] > 0

r-0
for all 8, and hence for some §;, where 0 < d; <9,
(6) ¢[D "M,(a,0,np,p)] >0 whenever p <45, and for all 6.
Take now any r <4, and let

py = &'l%r,
Q)
H = D N Cy(ao, py)-
Take axes so that ay = 0. Apply (6) with p = p,. Then for all 9,
HNM,(ay,0,np,) is not empty.

Consequently, by Lemma 7 we can find points a,,--,a, € D such that

o = m
j=1

and
|A] =]|Aay, -+, a,)| > n"pf.

In addition, (5) holds at each a;, and so by Lemma 5, for any direction 6,
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J. _ x-0d¢x = O(p1 ' T"pr "I + epl T n "y "R )
Cnllo.r) = 0(p~"IF + ep "I *2)
= 0(e'*n~"Ar**") from (4) and (7).
Since this holds for any r < §; we have
limsup r~¢*Y f x - 0dpx = O(s'/*n™"4) for all 0.
r=0 Cnlao.r)

Hence from (2), s = O(s'/?>7~"). But ¢ was chosen arbitrarily small after A, u
and n had been determined. Thus we have a contradiction and the lemma must
be true.

LemMA 9. If ¢ e U,, 0 < s <n, then at ¢-almost every (¢,s) regular point
acE, we can find a direction 0 (depending on a) such that

lim inf r~*¢[H,(a,0,nr,r)] = 0 whenever n > 0.

r—0

Proof. Let I,A,n,r, be arbitrary subject to I,A,r; >0,0<n<1, and let 4,
denote the set of points a € E, such that

On($,E,,a) <
and

) ¢[H,(a,0,nr,r)] > Ar* for all 6 whenever r <r,.

Suppose, contrary to the lemma, that ¢4, > 0, and choose a closed set B, c 4,
and r, such that

¢B, >0, O<ry<ry,
and

¥)) ¢[C,(a,r)] < 2Ir" whenever aeB, and r<r,.
Let a, be any point of B, at which
On(9,E, — By,ay) = 0.
Then we can, given & > 0, find r; such that

O<r3<r2,
and

(3) ¢[(En - Bl) N Cu(al» "3)] < 8";.

Now let p denote the greatest distance of any point in C,(ay,(1/3n)r;) from B,.
We shall determine a lower bound for p. Note on the other hand that

p=(1/3n)rs.
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Take a, at 0 and consider all points (6m,p,-:-,6m,p) in Cyay,(1/3n)rs),

-n.n

where m,, ---,m, are integers. The number of these points exceeds Kp~"r3, where
K depends only on n. Denote the points by p;, j = 1,---,t. By the definition of
p, there is a point of B, within p of every

pj = (6myp,::,6m,p).

From (1) it follows that the cube bounded by x, = (6m, +2)p, i=1,:.-,n, has
¢-measure exceeding 1p°. Summing over all the cubes, which are nonover-
lapping, and all contained in C,(a,,73),

$[Can )] > (K" (pY) = Kip*™ 1.
On the other hand, from (2) we have
¢[Ciay,r3)] < 2Ir3,

and hence

K 1/(n—s)
pP > (‘2—1) rs.

It follows that we can find a point b, in C,(a,,(1/3n)r;) whose distance, p, say,
from B, satisfies

K A\/e=9 1
@ (5)  m<e<(5)

Let b, be the point of B, (or one of them) which lies on the boundary of C,(b,, p,).
Since the interior of this sphere contains no points of B, it follows by geometry,
with 0, the direction of b,b,, that

Bl nHu(bZaeb 'lzpl’ﬂpl) is empty'

Also, this set is contained in C,(a,,r;), and hence from (3) we have

G[H,(b2,01,n%p1,mpy)] < ers
s/(n—s)
<e(gg)  nw), from @)

Now & was chosen independently of I, 4, 5, and if chosen sufficiently small,
then the above inequality will contradict (1) when 6 =0, and r=1np, <r;.
Hence our assumption ¢A4; >0 must be false. We now refer to the definition
of A,. Since the (¢,s) density is finite at every (¢,s) regular point, and I may
be arbitrarily large, we have, for arbitrary 4,n,r, and ¢-almost every (¢, s) regular
point a,

¢[H,(a,0,nqr,r)] < Ar® for some 6 and some r <r,.
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For every positive integer m, let A™ = r{™ = m~'. Then for ¢-almost every
(¢,s) regular point a we can find a direction 6™ and a positive number
r™ < r™ such that

¢[H,, a, G(M),r]r("'), r("'))] < /'l("')(r("'))s.
Let 0 denote any one of the limiting directions of the sequence {6™}. Then

liminf r~*¢[H,(a,0,2nr,r)] = 0,
r-0

and since 7 can be arbitrarily small the lemma is proved.

We can now prove Lemma B which is stated at the beginning of this section.

Proof of Lemma B. Let ¢ e U, 0 =<5 <n,and let 4 be the set of those points
which are (¢,s) regular but not weakly (¢,s,n—1) tangential. We must prove
that ¢4 =0.

By Lemma 8, at ¢-almost every point ae A we have

lim r~G*D J‘ (x—a)-0dpx =0
r-0 C,(a,r)
for all direction 6.

Also, by Lemma 9, at ¢-almost every point ae€ A we can find a direction 0
(depending on a) such that

liminf r~*¢[H,(a,0,nr,r)] = 0 whenever n > 0.
r—0
By regularity, at every point a € A we can find a positive number ! (depending
on a) such that

lim r~*¢[C,(a,r)]=1.

r—0

Thus, at ¢-almost every point a € 4, we can, given ¢,n, where¢ >0and0<n <1,
find arbitrarily small » > 0 such that

¢)) ,f (x —a) - 0dox| <er*?,
C,(a,r)

® ¢[H,(a,0,qr, )] <er’,

and

3 #[C,(a,r)] < 2Irs.

Let us use the notation C = C,(a,r), H = H,((a,0,nr,r) and H*
=H,(a,—=0,7"?r,7r).

Then
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Jc(x —a)-0dox fH(x —a)-0dox + f (x — a)-0dox
H‘

+ fc_ﬂ_m(x —a)-0dox

< roH —n''*r¢H* 4 nré(C — H — H*).
Hence, from (1), (2) and (3) (which hold for some arbitrarily small r),
—ertt <er'tt — 2 rpH* 4 2t
hence
GH* < 2o '/* + I/
We could have chosen & =7, and then
¢H* = ¢[H,(a, —0,n""*r,r)] <2( + Dn'/?r.
Adding this to (2) we have
¢[M,(a,0,n'r,r)] < [2(1 + D'/ + n]r,

which holds at ¢-almost all points a € 4 for a direction 6 and a set of arbitrarily
small r. Since  was chosen arbitrarily, and the left-hand side increases as 7— 0,
it follows that

liminf r~*¢[M,(a,0,Ar,r)] = 0 whenever A > 0.

r-0

With regularity, this implies that almost all points of A4 are weakly (¢,s,n—1)
tangential. By the definition of 4, we now have ¢4 = 0, and the proof is complete.

7. In this section we generalise Lemma B by proving

LemMmA C. If s is a number and k an integer such that 0<s<k+1Z<n,
then P(n,s,k) is true.

LemMmA 10. Given a sequence of measures ¢p;€U,, j=1,2,-, such that
lim ¢j[cn(0’ 1)] = 1:
Jme

and
¢;A =0 whenever ANC,(0,1) is empty,

we can find a subsequence of integers, j,, m=1,2,.--, and a measure ¢ € U!
such that
limsup ¢; A < ¢B and ¢A <liminf ¢; B whenever Cl(4) < Int(B).

m= o m-=
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Proof. By a well-known theorem on integration theory we can choose a
subsequence ¢; = pu,, say, m=1,2,-.-, and a measure ¢ € U, so that for any
continuous function f(x) with domain E,,

) lim [ f(du, = f F(x)ds.

Let Cl(4) = Int(B). Then we can define f(x) as follows:

1 whenever x € Cl(4),
1 = |
0 whenever x € E, — Int(B).
We can extend f(x) to the whole of E,,, so that f(x)is continuous and 0 < f(x) £ 1.
Then

HmA = f Fx)dpy

and hence, by (1),
limsup A < f f(x)d < 6B,

m-+o
as required, and the second part is proved similarly.

LemMma 11. If s is a number and k an integer such that 0<s<kZ<n,
then P(n,s, k) implies P(n,s,k—1).

Proof. Let us suppose the lemma is not true. Then there exist s, k such that
0<s<kZn, P(n,s,k) is true but P(n,s,k—1) is false.

Under this hypothesis we will construct a measure ¢ € Uy, and show that
P(k,s,k—1) is false. This will contradict Lemma B with n=k.

First, however, we construct a sequence of measures ¢;, of which a subsequence
will converge to ¢. We do this in the following

ASSERTION. We can find no,Ky, >0, a sequence of measures ¢;€ Uy, and
of closed sets D; < Ey, j=1,2,---, such that

(1) 0eDj, lim¢,[D;NCyq;r)] =r', lim ¢;,[D; NC(0,1)]=1,
joo jooo

and

) liminf ¢,[D; N M~ (g;,S,nor, )] > Kor*,
j=o©
whenever q;eD; NC,, (0,1/2), 0<r=1/2 and Se¥%,.
We now prove this Assertion.
Since P(n,s,k—1) is false, for some ¢ € U, we can find a (¢,s) regular set
A*e B,,0A* >0, none of whose points are weakly (¢,s,k—1) tangential. On
the other hand, by P(n,s, k) we have that A* is weakly (¢, s, k) tangential.
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At every point a € A*, we can find K, 7, > 0 such that

liminf r~*¢[4 "M%~ '(a,R,n,r,r)] > K whenever Re¥,.
r-0

By taking a suitable subset A = 4*, with ¢4 > 0, we may assume that the above
holds uniformly at every ae A for some K,n, independent of a. Similarly, we
may assume that the (¢,s) density, which is always positive by regularity,
is always less than some /> 0 at every a € A.

For each positive integer j, we can now find a closed set 4; = 4, r; >0 and
l; such that

3) 0<lj<l, ¢4;>0,

and at every point a€ 4;,

4) | #[Ca(a,r)] — I;r°| < 1(r*/j) whenever r<r;,

) ¢[ME~"(a,R,nor,r)] > Kr* whenever Re %, and r<r,,
and

(6) liminfr"’d)[Mf‘,(a,R,(l /4)r,1)] <1,/j for some Re%,.

For each j, let a; be a point of 4; at which
O, E, — A;a) =0.
Then we can find p; < 4r; such that
™ S[(E, — 4) N Cylayap)] < 103/,
and (using (6)) such that for some R; €9,
S[M(a;, R, (1/1)p ;40 )] < 414p3/i)
and with (7) this gives
®) L4, N ME(a;, R, (1/i)p,40))] = OUP/))-
Let a be any point in 4; N C,(a;,2p;), and p any number such that
0<p=2p;.
Then
Ci(a,p) = Cya;,4p),
and so from (4) and (7),
| L4, N C(a,p)] = Lip®| < (/D (p* + p3) = OU(p3/i))s
hence
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©) 8[4; N Cla.p)] = L[p* + 0o3/i).

Also, from (5) and (7),

(10) ¢[4; "My~ Y(a,R,nop, p)] > Kp® — 1(p}/j) whenever Re %,

For each j we next define a special measure ;€ Uy, and a set B; c E,.
To simplify, we assume that axes are such that a; =0 and R; = I,. Also, let

! L’r‘l(astj3(1/j)pj’4pj) =L.
For any set B < E,, we define
ﬂJB = ¢[(B X En—k) ﬁAj ﬁL].

Let B; = Pﬁ(Aj N L). Assume always j>n. Then for any beB; NC\(0,p))
we can find

acA;NLNC,(a;,2p;)

such that ae{b} x E,_,.
For any positive 1 < p; we have

(1 1) Cn(aal) NLc (Ck(bs)") X En—k) NLc Cn(a:l + (n/])p1)°

Recalling that (9) holds for any ae 4; N C,(a;,2p;) and positive p <2pj, it
follows that

1[B; NCy(b, )] = ¢[(Ci(b, ) X E,_) N4; NL]
é ¢[AJ N Cn(aal + (n/])pj)]’ from (11)9
LI + (n/))pp)" + O(pj/i)], from (9),

s s
= l,-[).“+0()f‘l Piy ”,—f+ p—,’)].
joogd

The error term is rather awkward because s — 1 may be negative. But an im-
portant property of this term is that it tends to zero as j tends to infinity.
The opposite inequality is

w[B;NC(b,)] 2 ¢[4;NLNC,(a,N)]

2 ¢[4;NCya, D] — o[4; N M(a;,R;,(1/1)ps4p)]
LiIA® + 0(pj/)] — O((pj/1)), from (8) and (9),
LA+ 0(p3/1)]-

\%

Consequently,
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(12) w,[B; N Cyb, ] =1, [/1‘+ o(r-‘i;i + ;’—' + %)]
whenever

beB;NC0,p;), A<p;andj>n.

Note that this is, in a certain sense, an analogue in E, of (9).
We next obtain a similar analogue of (10). Take then any Se%,, and form
the matrix

R=[S 0 [ew.

0 In—k

For any b e B; N C, (0, p;) we can, as before, find

aeA;NLNCya;,2p))
such that
ae{b} xE,_,.

Next we take, if possible, any A such that

(13) A<pjand A>2 20
NoJ
We can now prove that
(14) [Mi™'(b,5,104) x E, ] N L= My (a,R,nod) N L.

For the set M*~!(a,R,no4) is the set of points x such that, if
R(x - a) =Y,

then | y™| > nod for at least one value of m = k,---,n. Let the last row of S,
the only one which matters, be given by the direction 6 = (62, ---,0%). Then
the condition on x is that either

(@) [0, —a®) + - +6,x* — a®)| > o4, or

(ii) | x™ — a®™| > noA for at least one value of m =k + 1,---,n.
Since ae L, we have

I a(m)l é (I/J)pp m=k + 19 e,
Also, from (13) we have nod > (2/j)p;.
Consequently, if possibility (ii) is realised, we have
[x™] > (1/)p;

for at least one value of m =k + 1,---,n, which implies x¢ L. Thus the set
on the right-hand side of (14) is the set of x such that (i) holds, and, in addition,
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lx(""l =1/ppj, m=k+1,---,n.

This is seen to be the same as the set on the left-hand side of (14), and so (14)

is proved.
Now,

[ME'(b,S,104,4) x E,_, ] NL
= [M'lz—i(b,s,'lol) X En—k] n[ck(b’l) X En—k] NL
> M (a,R,n,4) N C,(a,A) NL, from (11) and (14),

= M:-l(a’RJ’O}")') NL.
Hence

#[B; "M (b, S, 104, A)]
= ¢[4; "(M};™(b,S,10A, ) x E,_) N L]
> ¢[4; "M: *(a,R,no4,A) N L]
2 ¢[4; "My (a,R, 004 D] — [4; N Mi(a;, R, (1/1)p;54p))]

\

KX+ o(z,. %) from (8) and (10).
This is true for any A given by (13). That is, we have

@15) u;[B; " M5~ (b, S, 104, 1)] > kA + o(l, %-)
whenever

beB; NC0,p,) and 2 ;,’—);;_<).<pj.
0.

Finally, we transform (12) and (15) into (1) and (2), respectively, as follows: Let

D;=p;"'B;,
and let ¢; e U, be the measure such that for any set 4,
by = o)
A= ljp;-“j p;i)-

Then for any q;e D; N C, (0,1) we have
b= qu_]EBj nck(o’pj)a
and for any positive r < 1, we have
)u = p]r<pj.

Hence, from (12), provided j > n,
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. s rs—l 1 1
ui[B; NCilpq;,p1)] = lj[pjr;‘ + O(PJ( j + J* * 7))]

That is,

s—1 1 1
¢,[D;NCg;,N] =1 + O(rj + 7 + .]_),

which gives us (1), as required.
Similarly, we deduce from (15), that provided

Pj . 1
2 _<pr,orj>2—,

i P e

then
mlB;N Mi':-l(ijj,S,']on",p,-r)] > Kpjr* + O(Ij ]&)

That is,

k-1 K 1

¢1[DJ' N M, (‘Ij:S,'Io",")] > Tj r+o0 T .

From (3),

E > Ii = K,, say,
l; l
and (2) now follows.

We have already noted that ¢ € U,. Since each A; was closed, the transformed
sets D; are also closed. Finally, 0 € B; and hence 0 € D;. Since we have established
(1) and (2), the proof of our Assertion is complete.

The next step is to deduce from the Assertion that P(k,s,k—1) is false.

For each j, let

fj(x)=p(x’Dj nck(o’ 1))’ erk'

These functions are equicontinuous and hence we can find a convergent sub-
sequence such that

lim f; (x) = f(x), which is continuous.

m-=+co
But to simplify notation we can assume without loss of generality that
lim fi(x) =1(x),
Jjooo

and the Assertion will still hold.
The sets ¢;-measured in the Assertion are contained in D;NC,(0,1). We
may therefore assume without loss of generality that
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(16) ¢;A =0 whenever AND; NC,(0,1) is empty.

Thus we may apply Lemma 10, taking a further subsequence. Or, we may assume
without loss of generality that for some measure ¢ € Uy,

an limsup ¢,4 < ¢B and ¢A <liminf ¢;B

Jj=o Jjoo

whenever
Cl(4) < Int(B).

Now let D be the set of x at which f(x) = 0. (This is a kind of limit of D).
Take any point ge D N C,(0,1/2). At g we shall obtain formulas analogous
to (1) and (2) of the Assertion, with ¢, replaced by ¢.

Since f(q) =0, we have

joo

given ¢ >0 we can find m > 0 such that
p(q, D;) <& whenever j > m.

That is, for each j > m there exists ;€ D; N C,(0,1/2) such that p(q,q j) <&
Take any positive » < 1/2, so that (1) holds. Also,

Cuq;,r) = Clg,r +¢) = Ki(q,r + 2¢).
Hence

¢[Ck(q’ r+ 28)] g d’[Kk(q’ r+ 28)]
2 limsup ¢,[Ci(q,r + ¢)], from (17),

joo

= li;nsup ¢;[Cuq;.1)]

= limsup ¢,[D; N Ci(q;,r)], from (16),

jo o

r®, from (1).

Since ¢ is arbitrary, ¢[C,(g,r)] = r" Similarly, we can obtain from (1), (16)
and (17) the reverse inequality, and so

(18) $[Cua.N] ="

Applying the same technique to (2) and using the fact that for all sufficiently
large j, and any Se¥%,,

M:_l(q, S,ﬂo"/z, r+ 8) DMZ_I(%, S:"Or: r)9

we also have
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¢[Mi™'(q,S,107/2,1)] > Kor'

Thus every point of D N C,(0,1/2) is (¢,s) regular, but not weakly (¢,s,k—1)
tangential. It remains to prove that

é[D N C,(0,1/2)] > 0.
Since 0eD; for all j we have 0eD. Hence from (18),

¢[Ci(0,1/2)] = 27°.

On the other hand, every point of C,(0,1/2) — D is contained in a sphere K
such that

K ND; is empty for all j.
Hence this sphere contains a concentric sphere C such that

¢C £ liminf ¢;K = 0.
jooo
It now follows that
#[C(0,1/2) - D] =0
and

¢[D N Cy0,1/2)] = 27°.

Consequently, P(k,s,k—1) is false. This contradicts Lemma B and so Lemma
11 must be true, as required.

Proof of Lemma C. (Stated at the beginning of this section.) Let 0<s <k
+ 1< n. We regard s and n as fixed, and use induction on k, starting with
k =n —1, which is Lemma B.

We repeatedly apply Lemma 11, giving us the sequence of propositions

P(n,s,n—1), P(n,s,n—2),---,P(n,s,t),

where ¢t + 1 is the least integer greater than s.
This completes the proof.

8. LEMMA 12. Let ¢ U,, s=0, k a non-negative integer and let Bc %,
be a weakly (¢,s,k) tangential set. Then s < k.

Proof. Choose a closed set A = B, where ¢4 >0, and r>0, I >0 such
that at every point x € 4,

€)) 21 lp*< ¢[C,(a,p)] <2lp® whenever p<r.

Let x,€ A be any weakly (¢,s, k) tangential point at which
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®:(¢’En - A,xo) = 0.

Then given any positive n <1, we can find r, <r and Ry€ ¥, such that

@ BIMi (50 Ros 70, 70)] < 5175,
and
) BL(E,— 4) O Cylxarro)] < gl

Then, from (1) and (2),

HLiCo Rortrora)] > 3175,
and so from (3)
@ BIA Ly (o Rostroro)] > 5 15,

We shall obtain an inequality in the opposite direction by dividing
LX(xo, Ro,Nro, 7o) into cubes and applying (1) to each of those cubes which inter-
sect A. The cubes used are those bounded by the lines

¥ = mnry, j=1,--,n,

where m takes integer values. The number of those cubes which intersect
Lﬁ(anRo"i"o’ ro) is O(n ).

Consider a typical cube C which contains a point x € 4. Then C,(x,2"?qry)> C,
and hence from (1),

$(4 N C) < 2™ Dlyery,
Summing, we have
¢[A N L,lc:(an RO’ ’1"0, rO)] = O(Ins_krg .

With (4), this gives us #** = O(1). Since n can be arbitrarily small, this is
only possible with s < k, as required.

9. Proof of Theorem 2. Trivially, B is weakly (¢,s,n) tangential and so
by Lemma 12, s < n.

Let k be the least integer greater than s—1, so that s <k + 1 < n, and, by
Lemma C, P(n,s, k) is true, whence B is weakly (¢, s, k) tangential. It follows
from Lemma 12 that s < k, which implies that s = k.

That is, (i) and (ii) of Theorem 2 are established as required.

Theorem 1 now follows by Lemma A.



392 J. M. MARSTRAND

REFERENCES

1. A. S. Besicovitch, On the fundamental geometrical properties of linearly measurable plane
sets of points. II, Math. Ann. 115 (1938), 296-329.

2. H. Federer, The (¢, k) rectifiable subsets of n space, Trans. Amer. Math. Soc. 62 (1947),
114-192,

3. J. M. Marstrand, Circular density of plane sets,J. London Math. Soc. 30 (1955), 238-246.

4. , Hausdorff 2-dimensional measure in 3-space, Proc. London Math. Soc. (3) 11
(1961), 91-108.

5. E. F. Moore, Density rations and (¢,1) rectifiability in n-space, Trans. Amer. Math. Soc.
69 (1950), 324-334.

6. A. P. Morse, The role of internal families in measure theory, Bull. Amer. Math. Soc. 50
(1944), 723-728.

7. A. P. Morse and J. F. Randolph, The ¢ rectifiable subsets of the plane, Trans. Amer.
Math. Soc. 55 (1944), 236-305.

8. S. Saks, Theory of the integral, Hafner, Warsaw, 1937; §9, p. 82.

BROWN UNIVERSITY,
PROVIDENCE, RHODE ISLAND



